This paper addresses an R(p, q)-deformed conformal Virasoro algebra with an arbitrary conformal dimension ∆. Wellknown deformations constructed in the literature are deduced as particular cases. Then, the special case of the conformal dimension ∆ = 1 is elucidated for its interesting properties. The R(p, q)−KdV equation, associated with the deformed Virasoro algebra, is also derived and discussed. Finally, the (p, q)-deformed energy-momentum tensor, consistent with the central extension term, is computed and analyzed.
Introduction
Quantum groups and algebras, in both their construction and representation theory, with or without deformation, are exciting areas of mathematics, originated from mathematical physics of field theory and statistical mechanics. Connected with many other parts of mathematics, these topics were broadly developed over the last decades, and remain today an area of prolific research activities. This paper deals with a construction of the deformed Virasoro algebra on the line of recently introduced R(p, q)−deformed quantum algebras [15] . To cite a few relevant works related to the deformation of Virasoro algebra, see [3] , [6] (and references therein). The Virasoro algebra with a conformal dimension ∆ is related to the Korteweg-de-Vries (KdV) integrable systems, and plays an important role in physics. This motivated the series of works devoted these last years to its deformation and generalization [6] , [7] , [14] . In the same vein, were also realized q-deformed Virasoro algebras with conformal parameter ∆, multiplicative and comultiplication rule for deformed generators [11] , q-deformed central extension term [1] , [3] , [5] , and related q-deformed KdV equation [7] . The relevance of ∆ = 0, 1/2, 1, and q-deformed energy-momentum tensor associated with the q-deformed central extension term [3] was highlighted. The Virasoro algebras with a conformal dimension ∆ and two deformation parameters, (also called conformal (p, q)-Virasoro algebras), were also investigated by some authors, taking into account properties of comultiplication, deformed nonlinear (p, q)-KdV-equation and deformed central extension term [8] . Recently, the generalized Virasoro algebra, and related algebraic and hydrodynamics properties were studied in [14] .
Motivated by the generalization of the well-known (p, q)-deformation in [13] , we address in this paper the R(p, q)-deformed conformal Virasoro algebra with an arbitrary dimension ∆, with a particular emphasis on properties induced by ∆ = 1 and 2.
This paper is organized as follows. Main definitions and notations are briefly recalled in Section 2. In Section 3, the R(p, q)-deformation of the conformal Virasoro algebra with an arbitrary conformal dimension ∆ is performed. The R(p, q)-deformed Jacobi identity is discussed, the deformation of the central extension term depending on the meromorphic function R is obtained, and the R(p, q)-deformed conformal Virasoro algebra is constructed. Interesting results are derived for deduced known particular deformations [9] , [16] , [18] . Section 4 describes the case of the dimension ∆ = 1. Then, an R(p, q)-nonlinear differential equation is obtained and linked to the R(p, q)deformed conformal Virasoro algebra. In Section 5, we compute the (p, q)-deformed energy-momentum tensor, which is consistent with the (p, q)-deformed central extension term. Section 6 is devoted to concluding remarks.
Preliminaries: basic definitions and notations
In this section, we briefly recall main definitions, notations and known results used in the sequel.
Let us consider an arbitrary conformal dimension ∆ [8] . A field φ ∆ (z) with the conformal dimension ∆ transforms under an infinitesimal coordonate transformation [3] z
we obtain
where the generators g n satisfy the centerless Virasoro algebra, known under the name of Witt algebra, W,
The centrally extended Virasoro algebra V is spanned by the generators obeying
5)
with the property, for all g n ∈ V, 
10)
[n] p,q := p n − q n p − q , (2.11) where p and q, satisfying 0 < q < p ≤ 1, are two real numbers.
Definition 2.3 [13] The R(p, q)−derivative is given by:
where P, Q are defined on O(D R ), and p, q verifying 0 < q < p ≤ 1, are two real numbers.
Definition 2.4 [15] The R(p, q)−number and the R(p, q)− factorials are defined, respectively, as follows:
1.
[n] R(p,q) := R(p n , q n ) for n ≥ 0,
14)
where p and q, satisfying 0 < q < p ≤ 1, are two real numbers. 
and
respectively, where p, q satisfying 0 < q < p ≤ 1 are two real numbers .
The (p, q)−deformation of quantum algebras gives rise to a realization of a (p, q)-oscillator [9] . The main properties of this deformation can be found in [9] and [13] .
Definition 2.8 The Chakrabarty and Jagannathan (p −1 , q) factors and (p −1 , q)-factorials are given by :
where p, q satisfying 0 < q < p ≤ 1 are two real numbers .
Definition 2.9 [13] The (p,q)-Quesne factors and factorials are given by :
The above mentioned deformations are recoverable in the work [17] as particular cases. Finally, let p, q, ν, µ be four real numbers such that 0 < pq < 1 , p µ < q ν−1 , p > 1, and g a real function of two-parameter deformation p and q verifying g(p, q) −→ 1 as (p, q) −→ (1, 1). The (p, q, µ, ν, g)factorial and the (p, q, µ, ν, g)-number are given by [17] :
[n] µ,ν p,q,g = g(p, q)
respectively.
R(p, q)-deformed conformal algebra
In this section, we derive an R(p, q)−extension of a conformal algebra with an arbitrary conformal dimension ∆ [8] . The R(p, q)-generators are computed using the analogue of the R(p, q)−Leibniz rule. The R(p, q)-deformed Witt and Virasoro algebras are built and discussed. A result deduced by Chaichian et al in [3] is recovered in a specific case.
General construction
Let us consider an infinitesimal R(p, q)-transformation for a field φ ∆ (z) as:
For f (z) := z 1+n , we define the R(p, q)-Virasoro generators L ∆ n by:
According to the R(p, q)-derivative (2.12), we use the following lemma.
The R(p, q)-Leibniz rule is given by: Proof: Let us consider two functions f (z) and g(z) belonging to O(D R ). Then using the R(p, q)-derivative, we get
(3.5)
Setting f (z) = ε(z) ∆ , g(z) = φ ∆ (z) and using the (p, q)-Leibniz rule [13] , the result is immediately obtained.
The R(p, q)-generators of the R(p, q)-deformed Virasoro algebra are given by:
Proof: The proof uses (3.2), and Lemmas 2.5 and 3.1.
Remark 3.3
(i) For the choice of the meromorphic function R(x, y) = (p − q) −1 ( 1 x − 1 y ), we get the (p, q)-Virasoro generators given by Chakrabarti et al [8] .
satisfy the following commutation relation:
(3.10)
Proof: It is obtained by a straightforward computation. It is worth mentioning the following relevant particular deformed quantum algebras together with their conformal characterisation and properties, which are derived from the above developed formalism:
, and the limit (p, q −→ 1) in (3.9), we get the results given by Chakrabarti et al [8] and Chaichian et al [3] , respectively.
2. The Jagannathan-Srinivasa generators can be obtained by taking R(s, t) = (p − q) −1 (s − t) leading to generators L (∆) n acting on the conformal field φ ∆ as:
and satisfying the algebraic structure (3.9) with
3. The deformed Chakrabarti-Jagannathan algebra [9] corresponds to the choice R(s, t) = (p −1 − q) −1 s −1 (1 − st) yielding the generatorsL n acting as: (3.14) and obeying the algebraic structure (3.9) with
, we obtain the generalized Quesne deformed algebra [17] with the generatorL n acting as:
and satisfying the relation (3.9) with [13] ), we obtain the deformed Hounkonnou-Ngompe generalized algebra induced by the generatorsL n such that: (3.16) and the commutation relation (3.9) with 
which satisfy the relation (3.9) with with the numbers
The associated R(p, q)-deformed generatorsL n given by:
satisfy the commutation relation:
Let us now construct the R(p, q)− deformed conformal Witt algebra by using the R(p, q)deformed conformal algebra (3.9).
Proposition 3.5 Let L
(∆) n be the R(p, q)-deformed generators, m and n two numbers belonging to the set of natural numbers. For two real numbers p, q satisfying 0 < q < p ≤ 1, and all field φ ∆ (z) of conformal dimension ∆, the following commutation relation holds:
(3.29) and
30)
Proof: It uses the closed algebraic structure (3.9). By setting
we obtain:
n+m .
(3.31) ReplacingX ∆ andỸ ∆ by their respective expressions yields:
We explicitly computeŶ in a similar way, and the required result naturally comes by collecting different quantities in (3.31). The R(p, q)-deformed Jacobi identity is derived in the following Lemma.
Lemma 3.7 Let L n be the R(p, q)-deformed generators of the deformed conformal algebra, andX,Ŷ be the coefficients of the commutation relation (3.28) . For all n, m, and k belonging to N, the R(p, q)-deformed Jacobi identity is given by:
33)
where C(n, m, k) denotes the cyclic permutation of (n, m, k).
Proof:
and e n are the (p, q)-deformed generators. By mimicking step by step [8] , we obtain:
36) and, finally, the result follows.
A central extension of the R(p, q)-deformed Witt algebra (3.28) is governed by the commutation relations:
with the central charge given by the factorizatioñ
as shown in the sequel.
Lemma 3.8Γ(N ∆ ) satisfies the following identities:
1. From the relations (3.38) and (3.40), we obtain (3.41).
2. For ∆ = 1/2, we obtain 
Hence,
By analogy, we obtain 3. For ∆ = 2, we have
The coefficientX k andŶ k are given by:
and the result follows.
where p, q are two real numbers verifying 0 < q < p ≤ 1, C(p, q) is a function of (p, q), and α ∆ nmk (p, q) is given by (3.35) .
Proof: According to the relations (3.37) and (3.38), we obtain
55)
and by analogy 
where C(n, m, k) denotes the cyclic permutation of (n, m, k), leading to the following form of C R n (p, q) : C R n (p, q) = C(p, q)(p n + q n ) −1 (pq) n R(p n−1 , q n−1 )R(p n , q n )R(p n+1 , q n+1 ), (3.59) with the solution of (3.42) given by:
Then, using the relations (3.40), (3.59), and (3.60), we obtain the required result.
Theorem 3.10 LetL n , n ∈ Z, be the deformed generators and ∆ a conformal dimension. Then, the R(p, q)-deformed Virasoro algebra is driven by the following commutation relations
whereC R n (p, q) given by (3.54 ) is the central charge commuting with allL n , i.e.
withX k ,Ŷ k furnished by (3.29) .
Note that the result obtained by Chakrabarti et al [8] can be retrieved here by taking (3.64)
2. The R(p, q)-deformed Chakrabarti-Jagannathan [9] Virasoro algebra:
3. The R(p, q)-deformed Generalized q-Quesne [17] Virasoro algebra:
(3.69) 4. The R(p, q)-deformed Hounkonnou-Ngompe generalized [17] Virasoro algebra: where define an algebra obeying the following commutation relation
.
(4.4)
Proof: It follows from the definition of the commutator:
Let us now rewrite the R(p, q)-deformed generators as follows: 6) or, equivalently, by using Proposition 2.6:
Lemma 4.2 The R(p, q)−generatorsL 1 n defined by (4.6) satisfy the following relations:
or, equivalently,
(4.10)
with
(4.11) Remark 4.3 Note that:
1. Using the symmetry p −→ q and q −→ p −1 , we obtain the result given in [8] from the relations (4.9) and (4.10).
2. The R(p, q)− deformed su(1, 1) subalgebra is generated by the commutation relations:
where x = qχ 01 (p, q) and y = pχ 01 (p, q) (4.13)
where x = qχ −10 (p, q) and y = pχ −10 (p, q) (4.15) 
R(p, q)-deformed nonlinear equation
Chaichian et al [7] used the well known connection between the Virasoro algebra and the KdV equation to derive a q− deformed KdV equation corresponding to a q−Virasoro algebra. Chakrabarti et al [8] used a similar formalism to study the correlation between a (p, q)−Virasoro algebra and a (p, q)-KdV equation. The method used in these works is based on the construction of a current defining a bi-Hamiltonian structure which satisfies a nonlinear evolution equation. We follow the same procedure to derive a R(p, q)deformed nonlinear differential equation corresponding to the algebra (4.23).
The central extension of the algebra (4.8) is generated by the commutation relation 20) where x and y are given by (4.9), and, for allL 1 k ,
with x k = q −k χ ko and y k = p −k χ ok .
We consider now the generators defined as follows:
Then, using the algebra (4.10), the generators (4.22) satisfy the following deformed Virasoro algebra Definition 4.4 Let t n , n ∈ Z, be the generators considered in (4.22) , and x ∈ R. Then the R(p, q)−deformed current is given by: The latter yields, after some algebra,
where λ and θ = e −iǫ , ǫ ∈ R * are given by the relation (3.21) . This generates the R(p, q)−deformed KdV equation as follows:
which reduces to the Chakrabarti et al [8] KdV equation in the particular case of R(s, t) = (p − q) −1 (s −1 − t −1 ).
Remark 4.5
We can easily deduce the nonlinear differential equations associated to particular algebras described in the previous sections. Without loss of generality, for the computation of α, we consider only the Z + part, and find the following results:
1. The Jagannathan-Srinivasa [18] deformed KdV equation:
32)
where α = pq pq−1 , with |pq| < 1.
(p, q)− deformed energy-momentum tensor
Let us start with the simplest case of the (p, q)-deformed algebra given in [8] for ∆ = 2.
The corresponding generators are given as follows:
satisfying the commutation relation
According to [2] and [22] , the energy-momentum T (z) has the conformal dimension two but does not transform as a primary field [3] . In the undeformed case,
where c is the central charge and ∂ (n) (z) is the n−th order derivative. The infinitesimal form is given by:
Putting ǫ(z) = z n+1 , we have
where
and g(n) = (n − 1)n(n + 1). If the equation ( where T p,q (z) is the (p, q)− deformed energy-momentum tensor and L 2 n is defined by (5.1). We consider now c n (p, q) as the central extension term for the (p, q)− deformed conformal algebra. Using (5.2), we obtain . Thus, we have c 1 (p, q) = 0. Now defining the tensor such that c 1 (p, q) = 0 imposes to shift T p,q (z) as follows:
where β is a constant depending on the parameters p and q. Thus the function c n (p, q) takes the following formĉ n (p, q) = c n (p, q) + β(p, q)
[2n] [2] . (5.13) Hence , if we choose β = −c 1 (p, q), thenĉ 1 (p, q) = 0. Finally, we get from (5.11) the following equation Its solution is the (p, q)−deformed central extension given in [8] .
R(p, q)− deformed energy-momentum tensor
The corresponding R(p, q) generators for ∆ = 2 are given as follows: 15) and satisfy the following relation [L 2 n , L 2 m ]X 2 ,Ỹ 2 φ(z) = K p N 2 (X 2 p −n −Ỹ 2 p −m ) − q N 2 (X 2 q −n −Ỹ 2 q −m ) × L 2 n+m φ(z) = (pq) n K nm (p, q)[m − n](p N 2 + q N 2 )L 2 n+m φ(z), (5.16) where where L 2 n are the deformed generators given by (5.16),C R n (p, q) is the central charge of the R(p, q)− deformed conformal algebra, and T R(p,q) (z) is the R(p, q)− deformed energy-momentum tensor. Therefore, the R(p, q)− deformed infinitesimal form satisfies the following commutation relation [δ m , δ n ]X 2 ,Ỹ 2 T R(p,q) (z) = (pq) n K nm (p, q)[m − n](p N 2 + q N 2 )δ n+m T R(p,q) (z), (5.19) whereX 2 ,Ỹ 2 , and K nm (p, q) are given by (5.17) , which can be deduced by a straightforward computation. Furthermore, using the relations (5.16), (5.18) , and (5.19), we obtain 
Concluding remarks
In this paper, we have constructed an R(p, q)− deformed conformal Virasoro algebra with an arbitrary conformal dimension ∆. Wellknown deformed algebras, investigated in the literature, have been deduced as particular cases. A special attention has been paid to the specific case of the conformal dimension ∆ = 1 for its interesting properties. The R(p, q)− nonlinear differential equation has been derived, and its link to the R(p, q)− deformed Virasoro algebra has been established. The R(p, q)− deformed energy-momentum tensor, consistent with the obtained deformed central extension term, has been computed.
